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We consider an effective model formed by usual QED (minimal coupling) with the addition of a 
nonminimal Lorentz violating interaction (proportional to a fixed 4- vector b^) which may radiatively 
generate both CPT even and odd terms in the pure gauge sector. 

We show that gauge invariance from usual QED, considered as a limit of the model for b^^ — >■ 0, 
plays an important role in the discussion of the radiatively induced Lorentz violating terms at one- 
loop order. Moreover, despite the nonrenormalizability of the (effective) model preventing us from 
readily extending our discussion to higher orders, it is still possible to display the general form of 
the breaking terms of the photon sector in the on shell limit organized in powers of fe^ which in turn 
can be considered as a small expansion parameter. 

PACS numbers: ll.30.Cp, ll.30.Er, ll.30.Qc, 12.60.-i 



I. INTRODUCTION 

Lorentz covariance and CPT symmetry are basic ingredients for the construction of local Quantum 
Field Theories. Consequently, they are built in the Standard Model for the fundamental interactions. 
However, Lorentz and CPT violating models have been subject of intensive investigation in the past ten 

Sars [ll-llO] as possible limits of a more fundamental theory. The Standard Model Extension (SME) 
proposes a wide range of possibilities in this context, concerning the gauge and fermion sectors. 
In the gauge sector, the studies are concentrated mainly in two kinds of terms: the Chern-Simons-like 
CPT odd term of Carroll-Field- Jackiw [l^ and a quadratic in the field strength CPT even term [2,] . For 
the fermion sector, the investigation of the Lorentz and CPT violating axial term has dominated the 
scenario, mainly because, in this case, there was a controversy on the radiatively generated CarroU-Field- 
Jackiw term [2l|-[35j. 

Recently, the interest in the CPT even terms has increased due to the development of the aether concept 
and to the study of extra dimensions. In [5], the authors discussed the use of Lorentz violating tensor 
fields (aether) with expectation values aligned with the extra dimensions in order to keep these extra 
dimensions hidden. The Lorentz violating terms of the gauge, fermion and scalar sectors would come 
from the interaction between these fields with the aether fields. In Q and Q, the quantum generation of 
these aether interaction terms were studied. Particularly, in the case of Electrodynamics , the minimal 
coupling term has been substituted by a nonminimal Lorentz violating one. The aether interaction term 
is then generated when the photon self-energy is calculated, with a coefficient which is regularization 
dependent in the case of four spacetime dimensions. 

In this paper we consider a modified version of Quantum Electrodynamics in four dimensions with the 
coupling between the photon and the fermion composed by two terms: a nonminimal and the minimal 
one. This model has been considered before in the papers [1], @ and in the context of Relativistic 
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Quantum Mechanics. In fo'] the model has been used in the calculation of corrections for the Hydrogen 
spectrum and very stringent bounds have been set up in the magnitude of the Lorcntz violating parameter. 
In [lol | the model has been used to study the magnetic moment generation from the nonminimal coupling, 
since a tiny magnetic dipole moment of truly elementary neutral particles might signal Lorentz symmetry 
violation. 

Here we analyze the quantum corrections to the photon sector, considering the theory as an effective 
model. This is only one among many other possible nonrenormalizable Lorentz violating terms. Besides 
the very rich physical content explored at tree level in Q, Q and the motivation for the present 
investigation of the model is the interesting aspect which is the possible radiative generation of both the 
Carroll-Field- Jackiw (CFJ) and CPT even terms. Although the quantum generation of the CFJ term 
from an axial term in the fermion sector has been vastly investigated, the present possibility has not been 
explored yet. 

The fact that the model is gauge invariant allows for an interesting analysis on the value of both 
the coefficients of the hypothetical CPT odd and even radiatively generated terms. Indeed, we show 
that the finite one-loop Lorentz violating corrections are prevented to be generated if a gauge invariant 
regularization prescription is used. However, a gauge violating one followed by a symmetry restoring 
counterterm in the Lorentz symmetric sector opens the possibility for such inductions. Concerning higher 
order calculations, the very stringent bounds set up in ^ for the Lorentz violating parameter strongly 
constrains the structure of the counterterms beyond the one-loop order. For an effective model, the cutoff 
energy is a very important parameter and should be established on physical grounds. Desired features 
of a Quantum Field Theory like causality and stability can be lost at very high energy [l^, [l^. We 
propose a condition the cutoff should satisfy in order to prevent the proliferation of new terms beyond 
one-loop order. 

This paper is organized as follows: the second section is dedicated to the presentation of the model; 
the third section presents an analysis on the one-loop generation of Lorentz violating terms in the pure 
gauge sector; in section four we carry out a calculation on gauge invariance grounds to fix the coefficients 
of the one-loop quantum corrections; in section five we analyze on general grounds the predictability of 
the model beyond the one-loop order using symmetry arguments. We draw our conclusions in section 
six. 



II. THE MODEL 

We begin by considering the action used in [3] in four spacetime dimensions, in which the min- 
imal coupling term of QED is substituted with the Lorentz violating nonminimal interaction term 
—e'ipe^'^^^'fjsb^F^a^, with 6^ being a constant vector that selects a fixed direction in spacetime. This 
term is easily shown to be gauge invariant. Nevertheless, the whole action is not, due to the lack of the 
minimal coupling. As the authors show, when the one-loop correction to the photon two point function 
is calculated, a regularization dependent aether term is generated. For such a model there is no way of 
fixing the coefficient of this term. 

Here we intend to analyze a modified version of this model Q, @, jioj . in which gauge invariance 
of the original action is restored by the presence of the minimal coupling term, along with the Lorentz 
violating nonminimal one: 

S - Jd^x S^^If^^F'^'' + 4, {i^ -m~e4- ee^^^^^-ipb^F,^) V^j . (1) 

The interaction term contains two contributions: the traditional QED vertex and the Lorentz violating 
one. Besides the fact that E is gauge invariant, we will see that its one-loop quantum corrections may 
yield two kinds of Lorentz violating terms in the photon sector; the CPT even aether term and the 
Carroll-Field- Jackiw CPT odd Chern-Simons-like term [l^ . We will discuss here the possibility of fixing 
the coefficients of these terms on gauge invariance grounds. 

These contributions would be generated by the vacuum polarization tensor, composed at one-loop 
order by only one diagram. Effectively, this amplitude can be decomposed in four parts, since from the 
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calculational point of view the problem is equivalent to the one in which there are two different vertices, 

w^{p) = n^^rb) + K2ij>) + Klip) + K2{p)- (2) 

The lower indices refer to the vertices, where 1 (2) refers to minimal (nonminimal) coupling. In the 
equation above, the first term corresponds to the traditional QED, the two crossed terms would be 
responsible for the Chern-Simons term and the last one would generate the CPT even part. We now 
comment on the consequences of considering the complete amplitude. The Lorentz violating three last 
terms are individually gauge invariant. So, focusing simply in these pieces will not bring any light to 
the discussion, if we intend to use gauge symmetry in order to fix arbitrary coefficients in our model. 
We enforce that we are considering here gauge invariance of the action (transversality of the vacuum 
polarization tensor), a less restrictive condition which, in principle, allows for a Chern-Simons-like term. 
First, let us write all the contributions to the one-loop photon self-energy: 

n^^i = -tr^ ie-f^sip + k)ieYs{k) 

= e2tr^7''s(p + fc)7^s(fc) = e^T^'', (3) 

= -tr j {~2iee''''%-fPb^(-p^)) s{p + k)ier s{k) 

= 2e's''^%b^ppT^^P, (4) 
= -2e2e"^^^6„p^T'"' (5) 

U!^^ = -Ae\e-^%b^pp){e'^''^,b^p,)T'>', (6) 
r^'' = tr /7'^s(p + /c)7^s(fc), (7) 

Jk 

with s{k) the fermion propagator and standing for J d^fc/ (27r)'*. We observe that, due to the Lorentz 
structure of T^'', it follows that IV'^^ = lil^l 



and 



where 



III. THE LORENTZ VIOLATING RADIATIVE CORRECTIONS 

The one- loop corrections to the photon self-energy are given by the equations (O-®. We turn our 
attention to the three last contributions, which are the possible sources of Lorentz violation in the pure 
photon sector. We first consider the general form of the tensor T'^'^ without calculating explicitly the 
amplitude. Then we will focus on the part of interest in the amplitude to determine the coefficients. 

We begin by analyzing the two identical contributions coming from equations ^ and (O, which could 
produce a CPT odd term, the Chern-Simons-likc term of CarroU-Field-Jackiw. We have 

n^'j" + = Ae^'^f^'^pb^ppT^P, (8) 

in which 

Tf'P = {pf'pP - p^gf'P) n(p2) + am^gf'P + PpPpP (9) 

is the most general expression for T^p . n(p^) is a function which may embody divergences and a, /3 are 
dimensionless constants. The Chern-Simons-like term is given by 

n^--^^ lim (n^'^^-fn^r)- (lo) 
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So, we see that 

n^-;, = 4am'^e^e"f^''''b^pp. (11) 
For the CPT even term we perform a similar analysis: 

n^2' = -AeHe^^'^pb^Pp){e^^'^sbxP.)TP'. (12) 
We need now only the parts of T'"' with = 0. So 

n^„^,„ = ~iae^m\e"P%b^Pf,){e^''^^Pb^p,) 

= -Aae^m^g-'^y^bxp.eafi.pe^'"'''. (13) 
Using the properties of the Levi-Civita tensor, we perform the contractions to obtain 

n^f:,„ = -Aae'm^ { {p^^p^ - p^g^^^) b^ 

+{p ■ bfg'''' -(p-b) (p^'b" + p''b'')+p%''b''} . (14) 

The first two terms together have the Maxwell form and are not of interest. The last four contributions 
give the following correction to the Lagrangian density: 

Caether = 2ae^m^ {h'^F^.f , (15) 

which is the aether-like term analyzed in 5] and generated in and , b^ playing the role of an aether 
field. This term can be mapped in the classical CPT even term proposed in 0, 

as long as we establish the relation 



p = -2ae m {g^ab„bp - g^abf_,bp + g^ipb^ba - g^^pb^ba) . (17) 



In the following, we carry out an attempt to evaluate the a constant. As discussed above, we can write 
am'^g'"' = T'"'{p = 0). So, we have 



am^g'"' 



tr [7^(^ + m)7''(^ + m)] 



= 4 



^ 2fc^fc'^ - (fc2 - m^)g^''' 
J. (fc^ — m^)^ 



(fc2 — m?)"^ (fc^ — m^) 



^Ik dk\{k^-m^)}' 

where the index A is to indicate that the integrals are divergent and need some regularization. 

The calculation above reveals that a is originated from a surface term coming from a difference between 
two quadratically divergent integrals. Note that, as observed in i6:], this coefficient is totally regularization 
dependent. In the next section, we perform a more general discussion in order to determine this constant 
on symmetry grounds 5l| . 
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IV. THE ONE-LOOP TRANSVERSAL PHOTON SELF-ENERGY 



A question that naturally arises involves a possible violation of some Ward-Takahashi identity when 
radiative corrections are taken into account. In other words, is there an anomaly in the model? We show 
in this section that, since conventional QED is gauge invariant, there is no room for a non transversal 
vacuum polarization tensor in the present model. 

Let us begin by the contraction of the external momentum with the whole amplitude. We have 

-2eh''^%b^p,PpTP'' - ^e'{e^f^\b^pp){e^"\bxp^p,)TP' (19) 

and it is easy to see that the two last terms are identically null, since the antisymmetric Levi-Civita 
tensor is contracted with the symmetric product PfiPp. The second term is also identically null for the 
same reason, since the Lorentz structure of T''^ is the one presented in eq. ([9]). We are left with the 
first contribution, which is nothing but the conventional QED term. This shows that in the case of the 
vacuum polarization tensor, a violation of gauge symmetry in the modified model is only possible if the 
same violation occurs in the traditional QED. 

We conclude this section by obtaining some conditions that regularization schemes must satisfy in order 
to respect this transversality. As we will see, this is closely connected to the generation or not of the 
Lorentz violating terms discussed in the last section. Let us analyze the first term in cq. (jl9p . namely 



p^T^'^ ^ j^tr{-i-s{k)ps{k+p)} 



k 



— m ^ 1^+^ — TO 
Using the identity ^ — {!/: + p — rn) — — m), we have 

= -4 r + 4 r (21) 

Jk (fc2-m2) 7fc [(fc+p)2-m2] 

In the expression above, the first term is null and the second one differs from it only by a shift in the 
momentum of integration. Since the second term is linearly divergent it differs from the first one only by a 
surface term. The index A is to indicate that, since the integrals are divergent, they must be regularized. 
We will not use any particular regularization here. Rather, we will maintain it implicit [53 | as an artifact 
for a more general discussion. For the identification of the surface terms, we use recursively, in the second 
term above, the identity 



1 1 p^ + 2p-k 



{k + pY — TO^ fc^ — m? (fc^ — 'W?) [{k + pY ~ TO^] 
to obtain, in a simple calculation. 



(22) 



p^T^'- = -^p- [ai+p'{a^-2a2)} , (23) 

where the a^'s are given by 

~ Jk k^- Jk {k^ - m^Y ~ k dkf^ \{k^ - m^) J ' ^ ' 

_ f 9fii^ 4 f k^ki, ^ I" d / ku \ , , 

a2gt.u-J^ (fc2-m2)2 {k^-m^Y^Jk dkf^ \{k^ - m^Y ) 
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and 



k 



which means 



d 




Ik dkP 





(27) 



We see that in order to obtain a transversal vacuum polarization tensor there are two possibilities: the 
first one fixes all the surface terms to zero (a^ = 0) and the second one fixes ai = and as — 1ol2- It is 
important to note that in the two options, ai = is a necessary condition for the preservation of gauge 
symmetry. Finally, we recognize here the constant a of the last section, as given by the relation 

am^ = -4ai. (28) 

Now it is important to carry out a discussion on this result. The values of the ai constants are 
determined by the regularization procedure used to calculate them. So, they are regularization dependent. 
If a regularization technique which preserves gauge invariance of the traditional QED is used, a\ will be 
set to zero. However, it is always possible to choose a gauge noninvariant procedure and then restore the 
gauge symmetry by means of a non-symmetric counterterm. In this case, since the Lorentz violating and 
Lorentz preserving sectors are independent of each other, the Lorentz breaking terms would survive. This 
would be equivalent to use different regularization procedures in the different sectors (Lorentz invariant 
and Lorentz violating). Nevertheless, we think the natural framework is choosing a unique regularization 
for the calculation of the integrals of the same amplitude. In this case, the calculation with a transversality 
preserving one would not generate, at one-loop order, these two Lorentz violating terms (CPT-odd and 
CPT-even). 

We enforce that this is not a too strong condition for the gauge invariance which, as a consequence, 
forbid the generation of the Chern-Simons term a priori. This would be the case of imposing gauge 
invariance of the Lagrange density, which is stronger than the gauge invariance of the action. This last 
one is accomplished simply with the transversality of the photon self-energy, which in turn, allows for a 
Chern-Simons term. We emphasize that we have used the weaker condition, the gauge invariance of the 
action. The transversality of the vacuum polarization tensor fixes a\ = 0. In order to illustrate that this 
is not a restrictive condition in what concerns the induction of the Chern-Simons term, we present the 
result of the papers [s^ and [28| , in which the induction of this Lorentz violating term from the axial 
one in the fermion sector (&^i/)7^7^'0) has been studied in the same grounds used here. In these papers, 
the following result for the one-loop photon self-energy has been obtained, up to the first order in the 6^ 
constant (for simplicity, in the massless case): 

-\ {a2{p>'' -p'gn + (2p>'' +pV)(a3 - 2a2)} 

+Ala2Pc.bp€^''"'^ , (29) 

in which the a^'s are the same defined in the present paper. Note that in this case, the transversality 
condition requires ai = and = 2a2, just like in the present study. The difference is that in the 
equation above the coefficient of the Chern-Simons term is proportional to 02, which is not required to 
be zero. So, the procedure we adopt is not restrictive concerning the generation of the Chern-Simons 
term. This result is simply a particularity of this model. 



V. DISCUSSION ON HIGHER ORDER CONTRIBUTIONS 



When higher order calculations are performed and internal photon lines are considered, the degree 
of divergence of the contributions will increase by one unity for each nonminimal internal vertex. We 
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discuss in this section the capacity of prediction of the model in these cases. We are interested here in the 
corrections to the photon sector. For multiloop calculations, we can identify two kinds of contributions, 
distinguished by the appearance or not of nonminimal internal vertices. 

We start to examine the latter. For a n-loop calculation of the vacuum polarization tensor, for each 
topology, we have to consider all combinations of the two kinds of vertices. In the case where nonminimal 
vertices appear only in external points in the diagram, we can separate them in four groups, just as in the 
one-loop calculation: the first, with only minimal couplings; the second, where the nonminimal coupling 
occurs only in the first vertex; the third, in which it occurs in the second external vertex; and the fourth, 
where the two external vertices are nonminimal. 

Let us suppose that we have in the n-th order the following expression for the photon self-energy of 
pure QED: 

Ti:'> = T^^)! + T(^:)2 + . . . + T(^:)^ (30) 

where each of the Tjiij^'* corresponds to a different graph. Let us take the second group defined above as 
an example, in which all the graphs have the first vertex given by ies^^^^bpPa'yx. It is easy to see that 
the contribution of the second group will be given by 

n(r.^''=Sp/^V^i"^- (31) 

Among the four groups we are discussing, the second and the third will contribute to the Chern-Simons- 
like term. Just as in the one-loop analysis, 

Tt'> = [pxPu - P^gx.) n(") (p2) + a^^Wgx. + p^^^p^P. (32) 

is the most general expression for the pure QED photon self-energy. The CPT odd term is obtained in 
the limit — > and, thus, its coefficient is proportional to a^"). But the total vacuum polarization at 
n-loop order is given by 

rr(ra) _ ^{n) , TT(n)21 , rr(ra)12 , TT(n)22 , T(n) /oo\ 

(n) 

where //ii/ includes all the graphs with internal nonminimal couplings. It is easy to see that in order 
to have p^T^"^ = 0, = is an unavoidable condition, like in the one-loop case. Thus, the graphs 
in which the nonminimal couplings occur only with external photons do not contribute to the radiative 
generation of the Lorentz violating CPT odd term if a gauge invariant regularization procedure is used. 
The same argument is easily extended for the CPT even term. These terms can be radiatively generated, 
therefore, only with the contribution of the nonminimal coupling to the internal photons. 

Now the next step is to consider the contributions included in 7^"^ with the occurrence of nonminimal 
couplings to internal photons. Again, we consider the generation of the CPT odd term, since a similar 
analysis can be performed for the CPT even one. The contributions arc always in odd powers of 6^. 
Let us discuss, for instance, the graphs linear in at an arbitrary loop order, that have, therefore, 
one nonminimal interaction. They are power counting superficially cubic divergent. Consider that the 
momentum of the internal photon that couples to the background vector is k and thus the vertex is given 
by iee'"^°'^bKka'yp- So, the amplitude will be given by 

A^^ = eP^'^^bJi.^po.p, (34) 

with I^upafi being a multiloop integral. 

The above integral has dimension of and we are interested in the limit p^ — > 0. Considering its 
Lorentz structure, we can have all combinations of indices in two types of terms: the first has the form 
PfiPuPpQap, which will give null contributions due to the antisymmetric tensor, and the second has the 
form rn^p^Qfjiagvp- The non-null terms are all of the second type and will give a contribution proportional 
to 



m'^£nvK0b'^P^- 



(35) 
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It is interesting to note that the CS-Hke contribution here comes from a product between the Levi- 
Civita tensor and a term quadratic in the metric tensor, which is different from the case, in the same 
loop order, where the nonminimal vertex is external. This is an effect of the extra power of internal 
momentum in the numerator of the integrand. Although the factor suggests that this coefficient is 
also originated from quadratic divergent integrals, it is not possible, without an explicit calculation, to 
assure that it is related to some gauge symmetry breaking term in the pure QED sector. Since this 
CPT odd term respects gauge invariance of the action, there is no constraint to prevent its generation 
in higher loop order (at first order in 6^). The analysis above is easily extended for higher powers in the 
background vector b^. For the cubic contribution in b we will have something proportional to 

m^bh^.^^b-p^ (36) 

and so on. 

Another point that should be discussed is the fact that increasing the order in the coupling constant will 
allow for higher power contributions in the background vector together with the increasing of the degree of 
divergence of the integrals. Nevertheless, it was shown in [9| that the magnitude of the Lorentz parameter 
in this model is extremely small. One condition which is reasonable to be imposed for the recovering of 
QED is |6^|A^ << 1. The effect of the divergences can be seen in a simplified form by substituting 
by A^ in the coefficients. Let us, for instance, discuss the CPT odd term. In the contribution linear in b 
we have A^e^i^K.pb'^p^ . For the cubic contribution in b, we will have A*6^e^^„^6'^p'^, and so on. Although 
the generation of Lorentz violating terms is unavoidable beyond one-loop order, the predictability of 
the effective model is assured by the cutoff inequality above. That is because at the same loop order 
additional nonminimal vertices contribute with positive powers of 6^, whereas higher loop orders for a 
fixed number of nonminimal vertices is controlled by the smallness of the structure constant. 

For an effective model, the cutoff energy is a very important parameter and should be established on 
physical grounds. Desired features of a Quantum Field Theory like causality and stability can be lost at 
very high energies [II]- The condition imposed by the inequality |5^|A^ << 1 is such that higher 
power terms in 6^ does not proliferate at a given high loop order. In the paper @, it has been set a 
bound such that e- \b^\ < 10^^^ {eV)~^ . This bound with the addition of the inequality we propose above 
guaranties that this effective model is not considered at energy scales beyond the Planck scale. 

VI. CONCLUDING COMMENTS 

In this paper, we have studied a modification of the Quantum Electrodynamics, which includes, besides 
the minimal coupling, a nonminimal one which violates Lorentz symmetry. It is a model close to the 
one analyzed in 7], where the minimal coupling has not been considered. Besides, the addition of the 
minimal coupling interaction opens the possibility of the quantum induction of a Chern-Simons-like term. 

The one-loop radiative corrections to the photon two point function, in this model, has four distinct 
contributions. The one from the conventional QED, the two identical crossed terms which would have the 
Carroll-Field- Jackiw form and the last one, which would be a Lorentz violating CPT even term, with the 
particular form discussed in 5] for the interaction between the gauge and the aether fields. We have shown 
at one-loop order that the gauge invariance of the model fixes the coefficients of the CPT odd and the CPT 
even Lorentz violating corrections to be null if a conventional gauge invariant regularization procedure is 
used. However, it is always possible to choose a gauge noninvariant procedure and then restore the gauge 
symmetry by means of a non-symmetric counterterm. In this case, since the Lorentz violating and Lorentz 
preserving sectors are independent of each other, the Lorentz breaking terms would survive. This would 
be equivalent to use different regularization procedures in the different sectors (Lorentz invariant and 
Lorentz violating). Nevertheless, we think the natural framework is choosing a unique regularization for 
the calculation of the integrals of the same amplitude. In this case, the calculation with a transversality 
preserving one would not generate, at one-loop order, these two Lorentz violating terms (CPT-odd and 
CPT-even). 

The analysis performed above is very close to [ssj . where the quantum generation of a Chern-Simons- 
like term in the modified QED with an axial term in the fermion sector has been considered in the light 
of gauge invariance. In that case, however, it has been shown that gauge invariance plays no role in the 
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determination of the coefficient under study. Although being a surface term, the 02 defined above, it can 
be left undetermined if it is used the condition as = 2ai . 

Whilst the use of a gauge invariant procedure yields a null coefficient for Lorentz violating terms in 
the pure photon sector at one-loop order, the nonrenormalizability of the model prevent us from drawing 
general statements at higher orders. However, we are still able to display the general form of the breaking 
terms (in the limit — > 0) beyond one-loop order. 
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